Abstract -We present a method for studying the influence of internal rotational degrees of freedom on the elastic properties of crystals composed of ellipsoidal particles. We derive the conditions under which a stretched-triangular lattice of ellipsoidal particles can exhibit a vanishing shear modulus. Analytical predictions are confirmed with numerical calculations. Numerical results also show that internal rotational modes can delay the proliferation of dislocations in the plastic regime.
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Introduction. -Solid systems that possess nontrivial deformation modes that cost zero energy exhibit extreme mechanical properties [1] . Isotropic solids that have a vanishing bulk modulus exhibit a maximally auxetic response characterized by a negative Poissonian ratio [1, 2] . These solids, when stretched in one direction, expand by an equal amount in the orthogonal directions and thus, they can be exploited in the fabrication of materials with enhanced toughness, improved shear stiffness and increased piezoelectric sensitivity [1] . On the other hand, solids that have a vanishing shear modulus exhibit static and dynamic soft elasticity [3] and they can be exploited in the fabrication of materials that can efficiently dissipate mechanical energy [4] .
The phenomenon of soft elasticity in crystalline solids composed of ellipsoidal particles is not well studied compared to their amorphous counterpart [5, 6] . These crystals possess rotational modes that are characterized by the rotations of the particles relative to the crystal axes. It is known that the stretched-triangular (ST) crystal formed by densely packed frictionless hard ellipses possesses soft modes [7] . One can rotate the crystal axes relative to the uniform direction of the ellipses without the particles overlapping and thus this phase is not rigid under shear deformations. We have not found theoretical studies demonstrating the onset of this mechanical instability.
Here we show that the mechanical instability of the ST crystal of ellipses is a consequence of the internal rotational symmetry of the system. We utilized a microscopic theory in the formalism of the phase field crystal (PFC) model [8, 9] that describes crystallization in monatomic systems. Numerical results demonstrate that the soft elastic response persists up to a threshold strain that depends on the ellipse aspect ratio. These soft modes are also found to delay the proliferation of dislocations in the plastic regime. When the internal rotational symmetry is weakly broken the shear modulus is finite and is proportional to the coupling between the particles and the crystal orientation.
Phase field crystal model. -A system of monodispersed ellipsoidal particles can exhibit a rich phase behavior. It can form liquid-crystalline, crystalline, and plasticsolid phases [10] . For simplicity, in this study we assume the system is nearby the nematic-to-crystalline solid phase transition. In this limit, we can utilize an anisotropic phase field crystal (APFC) model [11] to describe the system. The APFC formalism is based on the minimization of a dimensionless free energy that is a functional of the particle center-of-mass density ψ( r) and the unit vectorn( r) that describes the preferred direction of the particles. The free energy is given as
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where
and
where the gradient operators are defined as (n · ∇) 2 =n inj ∂ i ∂ j and |n × ∇| 2 = ijk ilmnjnl ∂ k ∂ m with the subscripts referring to components in the Cartesian coordinate system, ijk is the Levi-Civita symbol (the summation over the indices is implied). The fluctuations of the particle center of mass depends on the orientation of the particles. This is expressed by the coupling ofn (nematic director) to the spatial gradients of ψ. The coupling constants, a n , are related to the particle aspect ratio as it is demonstrated below. The Frank free energy for distortions in the nematic director is described by the elastic moduli b n . The phenomenological constants q 0 , τ , and λ are related to the system parameters [8, 9] . q 0 describes the characteristic wave number of the crystalline phase and the other constants are related to bulk modulus of the crystal solid [12] .
We can breakdown eq. (1) into two models of the Brazovskii class: i) If a 1 /a 7 = 1 and all the other a n and b n coefficients set to zero, one obtains the usual PFC model which describes crystallization in monatomic systems with isotropic atoms. ii) If a n = 0 except for a 2 , a 3 , a 8 and a 9 , one obtains the classical Chen-Lubensky model [13] that describes the smectic ordering in systems with rod-like molecules.
To understand the properties of this model, we consider a particular ST phase that minimizes the free functional. This ST phase can be obtained when
2 , corresponding to the parameter space where
2 and a 9 = a 2 3 . Under this constraint, the model is similar to the original PFC model except that it is minimized by uniaxial solutions when the particles have a uniform orientation (n is spatial uniform). In this case, the energy functional can be written as
where ∇ 2 and ∇ 2 ⊥ are the Laplacians parallel and perpendicular ton, respectively. κ 2 = (a 1 + a 2 )/(a 1 + a 3 ) and for simplicity we have considered ∇ Analytical results. -To analyze the properties of this model for uniformly oriented particles it is convenient to consider the particles oriented along theŷ-axis, i.e., n = (0, 1). In this limit eq. (4) reduces to
The local density fluctuations of the particles can written as
where A j is the amplitude of the density wave of wavelength 2π/q j . Near the melting temperature the field ψ can be approximated by only retaining the lowest-order set of amplitudes or modes. In this one-mode approximation the two-dimensional ST state is described by three constant amplitudes, A 1 , A 2 and A 3 corresponding to modes,
and q 3 = − q 1 − q 2 , where φ is the orientation of q j relative to the nematic director as shown in fig. 1 . It is easy to see from eq. (5) that the free-energy density of the equilibrium ST state is independent of φ. The contribution of q j to the free energy is due to the gradients terms in eq. (5), and this contribution is φ independent. This means the free energy of the system is invariant to internal rotations, i.e., the rotation of crystal axes with respect ton or vice versa. Substituting eq. (6) into eq. (5) and performing the spatial integration, we obtain the parameters that minimize the free energy:
The continuum elastic energy of the ST state is equivalent to elastic energy of a two-dimensional uniaxial solid [14] 
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Soft elasticity in solids composed of ellipse-shaped particles where u αβ = (∂ β u α + ∂ α u β )/2 is the symmetric strain tensor and ω αβ = (∂ β u α − ∂ α u β )/2 is the antisymmetric strain tensor. The last two terms in eq. (9) describe the energy cost of rotating the nematic director by θ relative to the applied rotational strain. We note that we have omitted the Frank elastic contribution in the above elastic energy since our focus is on the role of uniform rotations.
To calculate the elastic constants from our microscopic theory we assume
where u is the displacement vector from the continuum elastic theory and A is a scalar amplitude. We obtain that the elastic free energy
Comparing eqs. (9) and (11) we obtain that C 11 = 9B,
Under an applied uniform strain the ellipses will rotate to minimize the elastic energy (i.e., ∂E/∂θ = 0). Thus at equilibrium, the elastic energy is
is the effective shear modulus which is identically zero. This remarkable result means collective particle rotations will lead to a mechanical instability characterized by the vanishing of the shear modulus. Hence in this limit, the ST phase is stabilized by quartic terms, O(ζ 4 ), in the elastic free energy. Under the one-mode approximation, soft shear deformations are expected to persist up to a threshold strain ζ c ∼ 1 − κ −1 .
Numerical results. -To confirm these approximate one-mode analytic calculations we consider the dynamics that occur when applying a shear strain that increases at a rate of γ. To simplify our calculations we assume b 1 = b 2 so that terms containingn in the eq. (1) reduce to | ∇θ| 2 , wheren = (sin θ, cos θ). The dynamics are assumed to be dissipative, driven to minimize the free energy and nonconservative for θ and conservative for n, i.e., ∂θ( r, t)/∂t = − [δF/δθ( r)] + µ 0 η 0 ( r, t),
where η i ( r, t) is a stochastic noise field and with a intensity µ i . The correlations η i ( r, t)η i ( r , t ) = (∇ 2 ) i δ( r − r )δ(t − t ). A steady shear deformation is imposed by adding an advective term to the dynamics, i.e., ∂/∂t → ∂/∂t + V y ∂ y , where the velocity, V y = γx, has a gradient in the x-axis. In the initial state we set θ( r) = 0 and we initialized the density with the one-mode density approximation. We also shifted our periodic boundaries to be consistent with the shear flow using the Lees-Edwards method [15] . We chose the following numerical parameters: τ = −0.03, λ = −0.9, q 0 = 1, b n = 10, and µ 1 = 0. We numerically solve eq. (14) in two dimensions by using an explicit Euler scheme on a square grid with 256 2 points. We set the grid spacing ∆x = 1 and the time step ∆t = 0.001. The effects of the particle shape in the sheared system are shown in fig. 2 . The total free-energy density F s shows a normal elastic behavior at κ = 1, which is expected since this represents a sheared triangular packing of spheres. However when κ = 1 an elastic soft regime appears. The threshold of the soft shear strain increases with increasing aspect ratio, up to γt ≈ 0.3 for κ = 1.7. The soft elastic response is related to the cooperative particle rotations and thus, it must vanish as the rotational vibrations of the system increase. Our simulations are consistent with this conclusion as shown in fig. 3 . As the intensity of the thermal vibrations is increased, the soft elastic regime disappears.
It is also interesting to visualize the microscopic picture of the sheared system. The snapshots in fig. 4 show that the lattice structure changes with increasing shear strain even in the elastic soft regime. The rotations of the nematic director by θ(r) implies that the ellipsoids collectively rotate during the shear deformation. The initial dependence of θ(r) on the shear can be calculated by minimizing the elastic energy E for a simple shear deformation applied along the long axis of the ellipses. This gives
in the long-wavelength limit. As shown in fig. 4 this prediction works quite well. After this soft regime the strain energy increases until a yield occurs, e.g., for κ = 2 56004-p3 at γt ≈ 0.75. Interestingly this first yield occurs without the nucleation of mobile dislocations as would occur in a normal crystalline material. Of course at higher strain dislocations do eventually appear as can be seen in fig. 4 . We have also performed numerical calculations in the case of a static strain. For small strains θ(r) relaxes to the value determined by eq. (15) and the total free energy decays to the value of the undeformed state in agreement with our mean field predictions. We tested our numerical computations close to the nematic-to-crystalline solid phase transition, −0.03 τ −0.3, where the ST phase is stable. These simulations indicate that the analytic results are exact as τ → 0 − , with small corrections at larger |τ |. The limit τ → 0 − is also where our sinusoidal density approximation is valid.
Weakly broken internal rotational symmetry.
2 , the internal rotational symmetry of the system is broken and thus rotations of the crystalline axes relative ton or vice versa, changes the free energy of the ground-state ST phase. To consider this limit we add the anisotropic contribution,
in the system free energy, eq. (4). This contribution tunes only the value of a 2 . It is easy to see that this contribution leads to a φ dependent free energy. Substituting eq. (6) into eq. (16) we obtain that
From eq. (17) we find that when for example φ ≈ 0, the q 2 -mode will have a smaller amplitude, i.e., A 2 < A 1 = A 3 and similar behavior for φ = π/3 and −π/3. As a result of adding f a , the total free energy of the system depends on φ and is minimized when φ = −π/3, 0 or π/3. The minimum energy state is characterized by a mode that is paralleln having a smaller amplitude than the other two. In addition to determining the direction, with respect to the crystal lattice, that the ellipsoidal particles wish to align the coupling term induces a strain in the system and changes the elastic response. To see how this comes about, it is useful to calculate the elastic energy contributions due to eq. (16) . This can be done in the manner described earlier, the result is that f a produces terms that are linear in u yy , i.e., the state that was expanded around (eq. (6)) is not the equilibrium unstrained state. Minimizing with respect to the strain tensors and noting by symmetry A 1 = A 3 gives,
u * yy = −3u * xx and u * xy = ω xy = 0. For positive α the ellipses are stretched and pushed closer together and the reverse for negative alpha. Schematics of sample configurations are shown in fig. 5 . To obtain the elastic moduli the strains must be expanded around the unstrained state. For small α this can be simplified by assuming that A 1 = A 2 = A. This leads to an expression identical to eq. (11) except that the coefficients that now depend on α, i.e., C 11 = 9B, C 22 = 3B(3 + α), C 12 = 3B,
, and
. As done previously the energy must be also minimized with respect to the orientation of the ellipsoid in a strained state. This again leads to an effective shear modulus (i.e., eq. (13)),
in the limit of small α. This implies that elastic anisotropy will introduce a correction term leading to a finiteC 66 . This is illustrated in fig. 6 whereC 66 is plotted as a function of κ for positive and negative values of α. As an aside, it is interesting to note that in the usual PFC model [8] the value of C 66 cannot be tuned independently of C 11 and thus the coupling ton eliminates this restriction. It may also be possible to independently tune other parameters by considering other coupling terms such as |n × ∇ψ| 2 .
Conclusions. -The microscopic theory we utilized in this work is expressed in terms of a field, ψ( r, t), that corresponds to the time coarse-grained atomic number density of the system [16] . In our simulation the number of atoms in the system is not necessarily conserved [17] and the formation of dislocations at the large strain plastic regime is driven by an Eckhaus-like instability. However, the creation of dislocations in real crystals at the plastic regime occurs at a fixed number of atoms. For this reason, it would be interesting to observe the plastic behavior of the ST crystal of ellipse-shaped particles experimentally to directly test the predictions of this work. Simulation results from PFC models have been found to be in excellent agreement with experimental results of hard-sphere colloidal crystals [18] . Therefore, a twodimensional colloidal crystal of hard ellipsoids would be an ideal experimental system and one can employ techniques such as video microscopy to determine the elastic moduli of the system [19] . In this experiment one can also probe if the soft elastic regime increases with increasing particle aspect ratio as suggested in this work.
In summary, we have presented a method for studying the influence of internal rotational degrees of freedom on the elastic properties of the ST crystal of ellipseshaped particles. We have demonstrated that the internal rotational degrees of freedom can reduce the effective shear modulus of this system leading to unusual mechanical properties. * * * KRE acknowledges the support from NSF under Grant No. DMR-0906676. MG was supported by the Natural Sciences and Engineering Research Council of Canada and by the le Fonds Québécois de la recherche sur la nature et les technologies.
